We propose a holographic description of heavy-light mesons, i.e. of mesons containing a light and a heavy quark. In the semi-classical string limit, we look at the dynamics of strings tied between two D7 branes. We consider this setup both in an AdS background and in the non-supersymmetric Constable-Myers geometry which induces chiral symmetry breaking. We compute the meson masses in each case. Finally we make a phenomenological comparison to the physical b-quark sector and provide a prediction for the B-meson mass which lies 20% from the measured value.
Introduction
The AdS/CFT correspondence [1, 2, 3] and its generalizations offer the possibility to holographically describe the strong coupling regime of QCD using weakly coupled gravity. There has been steady progress towards such a description including string theory descriptions of theories that break chiral symmetry [4] - [23] . Most recently these ideas have been adapted to produce phenomenological models of QCD dynamics that describe aspects of the meson and baryon spectrum at the 20% level or better [24] - [41] .
Within models based on AdS/CFT, quarks may be introduced by the inclusion of D7 branes in the holographic space [42] - [50] 1 . A small number of quarks, ψ i , (N f ≪ N c ), may be described by treating the D7 branes as probes [42, 45] . In the simplest case with the background geometry AdS 5 × S 5 , the geometry around a stack of D3 branes, the resulting field theory is an N = 2 gauge theory with fundamental hypermultiplets. On the field theory side of the correspondence, the quarks are described by strings stretching between the D3 and the D7 branes. The quark mass is proportional to the separation between the D3 brane stack and the D7 probe. The holographic dual description of the quark bilinearψψ is given by open strings with both ends on the D7 brane probe in the AdS 5 × S 5 background. Therefore fluctuations of the D7 brane correspond to meson excitations. In [4] , a holographic description of chiral symmetry breaking and light mesons was given by embedding a D7 brane probe into a deformed non-supersymmetric supergravity background.
Here we push these ideas into a new arena and describe mesons made of one light quark, ψ L , which in QCD would experience chiral symmetry breaking dynamics, and one heavy quark, ψ H , that would not. To begin with, we formulate our new approach by considering a string theory description of the supersymmetric field theory dual to AdS 5 × S 5 with D7 probes wrapping AdS 5 × S 3 , which is conformal when the quarks are massless. To include a heavy quark and a light quark, we must have two D7 branes with very different separations from the central D3 brane stack. Heavy-light mesons are described by the strings stretched between these two D7 branes. In the limit where one quark is very heavy, these strings become long, and we may use a semi-classical description of their dynamics. As the simplest ansatz, we just consider the motion of a rigid string in directions transverse to the separation of the D7 branes, i.e. in the x directions of the field theory on the D3 brane as well as in the radial holographic direction.
In other words we treat the D7-D7 ′ string as rigidly tied between the two D7 and neither let it bend nor oscillate in the direction of its length. We can then integrate over the string length in the string (Polyakov) action. In this way we obtain an effective point-particle-like action for the string's motion. In the spirit of second quantization, we convert the action to a field equation which we consider as the holographic field theory description of the heavy-light mesons. From the field-theory point of view, this equation is a generalization of the Klein-Gordon equation 2 .
Note that in our semi-classical string theory formalism, vector and scalar meson masses are inherently degenerate. On the field theory side, this ties in well with the fact that spin effects are suppressed by 1/m H with m H the heavy quark mass [67] . Note that the field theory describing the heavy-light mesons does not exist in the same space-time as the fields holographically describing light-light or heavy-heavy mesons, but in a space given by the integrated average over the space between the two D7. For this reason one needs a fully stringy picture of the D7 branes to describe these states and they cannot be extracted from the simple five-dimensional models found in [24] - [41] .
In this manner we present results for the heavy-light states in the N = 2 supersymmetric gauge theory so far described. However this model does not include chiral symmetry breaking behaviour. Therefore we move on to the authors' preferred string theory description of chiral symmetry breaking [4] in the non-supersymmetric Constable-Myers background [68, 69, 70, 71] . This model consists of an AdS background deformed by the presence of a non-zero dilaton.
The presence of the dilaton breaks the conformal and supersymmetries of the string set-up, leaving a non-supersymmetric strongly coupled confining gauge background. The advantage of this background is that in the UV, it returns to four-dimensional N = 2 theory (with the field content of N = 4 plus fundamental matter), such that the asymptotic behaviour of the brane embedding is well under control.
Quarks are again introduced by D7 brane probes in the deformed geometry. It is known from [4] that the D7 branes are repelled from the center of the geometry, triggering the formation of a chiral symmetry breaking condensate. In order to obtain heavy-light mesons and their masses, we use our new formalism developed in the supersymmetric case. This time however, for the deformed background, we have to integrate numerically over the length of D7-D7 ′ string.
Phenomenological holographic models have taught us that such string theory models work well at describing QCD. We therefore allow ourselves to be tempted into describing the QCD b-quark mesons, even though the b-quark is not infinitely massive and the gauge background is not that of QCD. We set the light quark mass to zero and fix the conformal symmetry breaking scale (related to the strong coupling scale Λ in QCD) through the ρ vector meson mass. We then use the Upsilon mass to set the position of the D7 brane which corresponds to the heavy quark mass. The ρ meson (quark contentūu) is our light-light meson, whereas the Υ meson (quark contentbb) is our heavy-heavy meson. The heavy-light meson masses are then a prediction of the formalism. We find a result for the B meson mass (quark contentbu) 20% from the measured value. 
Mesons in AdS 2.1 Probe D7 Branes in AdS
Quark fields may be introduced into the N = 4 gauge theory described by the AdS/CFT correspondence by including probe D7 branes. The resulting theory is an N = 2 theory investigated previously in [42, 45] . Neglecting the back reaction of the D7 in the probe limit corresponds to considering the quenched approximation on the field theory side. As shown in figure 1, strings which stretch between the D3 and D7 branes are in the fundamental representation of the SU(N) gauge theory on the D3. The length of the minimum length string between the two branes determines the mass of the quark field.
The gravity dual of the D3 branes is AdS 5 ×S 5 , in which the D7 brane probe wraps AdS 5 ×S 3 .
This configuration minimizes the world-volume action of the D7 probe.
We write the AdS metric as
where Ω 3 corresponds to a three-sphere and R 4 = 4πg s Nα ′2 . Note that scale transformations in the field theory, which define the mass dimension of operators (for example if we scale x → e h x then a scalar field of dimension one scales as φ → e −h φ), are mapped to a symmetry of the metric with the radial direction scaling as an energy scale. We place the D7 brane so that its world-volume coordinates are ξ a = x α , ρ, Ω 3 . Strings with both ends on the D7 brane generate the DBI action for the brane
where the pull-back of the metric P[g ab ] is given by
In AdS 5 × S 5 this gives
where g ab is the induced metric on the D7 and ǫ 3 is the determinant factor from the 3-sphere.
The regular D7 brane embedding solutions are just w 2 5 + w 2 6 = d 2 , i.e. the brane lies at a constant radius in the w 5 − w 6 plane with 2πα ′ d the quark mass. d is the shortest length D3-D7 string.
Fluctuations of the D7 brane (which asymptotically fall off as 1/ρ 2 ) are dual to meson fields made of the fermionic quark and anti-quark. If we work in the particular choice of background embedding w 5 = 0, w 6 = d and parametrize fluctuations as
then the linearized equation of motion for δ is
The solution is given in terms of hypergeometric functions [45] ,
The mass spectrum of the degenerate scalar and pseudo-scalar states is then given by M = 2d R 2 (n + 1)(n + 2), n = 0, 1, 2, . . .
Note that the masses of states scale like d. In the limit d = 0 the theory becomes conformal and there is not a discrete spectrum.
If we have two D7 branes embedded at w 6 = d, D respectively then there are meson states of the form "light-light" or "heavy-heavy" with the ratio of masses of the lightest two mesons just d/D.
Heavy-Light Mesons in AdS
We describe mesons made of one heavy and one light quark by strings stretched between the two D7 branes. In the limit D ≫ d, with D, d the distances of the heavy and the light quark brane from the D3's, these strings are very long such that it is appropriate to consider them in the semi-classical limit (see fig 2) . 
Similarly the strings with both ends on the outer D7 describe the heavy quark states. In the scenario proposed here, the strings stretched between the two D7 branes describe the heavy-light modesψ H ψ L , ψ H γ 5 ψ L andψ H γ µ ψ L . Strings of this type without surface oscillations are the tachyons projected out by the GSO projection. In the semi-classical limit we employ, the string mass is assumed to be dominated by the string length and the subtleties of quantum corrections and surface fluctuations are ignored. The unexcited string stretched between the two D7 branes which we study is therefore an approximation to the scalar, pseudo-scalar and vector heavy-light states which by assumption are degenerate.
We use the gauge-fixed Polyakov string action
so we must also impose the constraint equations
Our string will lie between the two D7 branes so that σ = w 6 . We will allow the string to move in the world volume of the D7 brane. We thus integrate over the w 6 direction in order to generate an effective point particle action. With X µ = {x α , w i , w 6 } (and w 5 = 0) we find, for massless light quark such that d = 0,
.
Here we have used the background AdS metric in the conventions of (1) with ρ 2 = w i w i , i = 1, 2, 3, 4. Integrating (11) over σ gives
where
We wish to convert this classical dynamics to a second quantised field that will play the role of the holographic field to the heavy-light quark operators. We need the modified energy momentum relation for the particle. That relation is provided by the constraint equations. Firstly note thatẊ
is trivially satisfied because the string is not allowed to move in the w 6 direction. The remaining constraint, when integrated over σ, gives
where p (15) is a simple modification of the usual E 2 − p 2 = m 2 with the effective mass depending on the ρ position of the string.
Making the usual quantum mechanical operator substitutions, we arrive at the field equation
This is a modified Klein-Gordon equation. In the UV limit ρ → ∞, f /g → 1 and f g → 0. If φ only depends on ρ, (16) is just the four dimensional Laplace equation and has solutions of the form φ = m HL + c HL ρ 2 + . . .
This is the correct form to describe the source and vev of the heavy-light operator ψH ψ L .
Since there is no heavy-light mass mixing term and no heavy-light bilinear vev in QCD, the correct background configuration has m HL , c HL = 0 and we look at linearized fluctuations of the form
where the large ρ behaviour of h is 1/ρ 2 . We substitute this solution into (16) and search numerically for regular solutions.
We find the values of M which give regular solutions for h. We plot these values for the scalar meson masses against the heavy quark mass for the case with a massless light quark in figure 3 . It is clear that the meson masses essentially grow linearly with the heavy quark mass. 
Heavy-Light Mesons in Dilaton Flow Geometry

Dilaton Flow Geometry
The AdS geometry studied so far does not contain the physics of most interest in the heavy light sector of QCD. The main interest lies in the case where the light quark is involved in chiral symmetry breaking and has a dynamically generated mass whilst the heavy quark does not. Chiral symmetry breaking is forbidden in a supersymmetric theory so we will turn instead to a non-supersymmetric dilaton flow geometry that provides a gravity dual of QCD [4] . That model consists of a deformed AdS geometry [68] - [71] 
where 20) and the dilaton and four-form are given by
There are formally two free parameters, R and b, since
We see that dimensionally b has energy dimension one and enters to the fourth power. The SO(6) symmetry of the geometry is retained at all values of the radius, w. We conclude that in the field theory a dimension four operator with no SO(6) charge has been switched on. b 4 therefore corresponds to a vev for the operator TrF 2 . Since b is the only conformal symmetry breaking parameter in the theory we set it to one for numerical analysis and then all results are in units of the energy scale associated with b, i.e. in terms of Λ b = 2πα ′ b.
Quarks are again introduced by including probe D7 branes into the geometry. Substituting into the DBI action (2) for this geometry we find [4] the equation of motion for the radial separation, v, of the two branes in the 8, 9 directions as a function of the radial coordinate
At large ρ the solutions take the form
There are two free parameters in the solution. The first, m, describes the asymptotic separation of the D3 and D7 branes and has conformal dimension one -it is the bare quark mass.
The second parameter, c, has dimension three and corresponds to theψψ quark bilinear. To obtain solutions which are regular in the IR, we impose the boundary conditionv(0) = 0, where the dot indicates a ρ derivative, as well as fixing m in the UV. Regular solutions are displayed in figure 4 . The regularity condition fixes the condensate c as a function of the quark mass m.
The solutions show that a dynamical mass is formed for the quarks. A massless quark would correspond to a D7 brane that intersects the D3 brane, such that there was a zero length string between them. We see that the D3's repel the D7 and for all configurations there is a non-zero minimum length string. The solution which asymptotically has m = 0 also explicitly breaks the U(1) symmetry in the 8, 9 plane by bending off the axis. This is the geometric representation of the spontaneous breaking of the U(1) axial symmetry of the quarks.
Fluctuations of the brane about the solution found above in the 8, 9 directions correspond to excitations of the operatorψψ and contain information about the pion and sigma field of the model. With w 6 + iw 5 = v(ρ)U(ρ, x) and expanding to second order in U(ρ, x), the DBI action
With U(ρ, x) = exp(iπ(ρ, x)), this gives an action for the pion field π and for the sigma field (here denoted by v). There is also a superpartner U(1) gauge field in the action which describes the operator ψγ µ ψ and hence vector mesons. This is introduced as a gauge field F ab living on the D7, such that the DBI action now reads
which, expanded to second order, gives
The pseudo-scalar mesons, ie. the pions, correspond to fluctuations in the position of the brane in the angular direction in the w 5 − w 6 plane (we have suppressed fluctuations of the radial field v for simplicity). In this paper we use the predictions for the vector meson masses. They correspond to regular solutions of the equation of motion for the gauge potential A µ . The
equation of motion for a solution of the form
with
The boundary conditions imply V µ ∼ 1/ρ 2 at large ρ. Below we use the meson mass obtained from (29) to normalize the light-light and heavy-heavy meson masses.
Heavy-Light Mesons
The formalism for studying heavy-light mesons as presented in section 2.2 moves across almost directly from the AdS geometry to the dilaton flow case. Since the five-sphere is undeformed, the action for a string tied between two D7 branes again takes the form
as in (12), where now
with X defined in (30) . The integration limits for the v integrals, v(m h ) and v(m l ), are given by the D7 probe embeddings found above, as shown in figure 4 . Since we only know those embeddings numerically, f and g are also only known numerically. Nevertheless we find the regular solutions of the wave equation
again using numerics.
The UV limit coincides with the AdS model with solutions φ = m HL + c HL ρ 2 + · · · . We take m HL , c HL = 0 since such mass mixing and condensate terms are absent in QCD. Then we again seek linearized fluctuations of the form
where the large ρ behaviour of h is 1/ρ 2 . The masses of the heavy-light mesons as a function of the heavy quark mass with a massless light quark are shown in Fig. 5 .
Bottom Phenomenology
Recently there have been a number of attempts to convert these stringy holographic descriptions of chiral symmetry breaking into phenomenological models of QCD. In particular, models involving a simple AdS slice [24, 25] , or the dilaton flow geometry described above [31] , have ¿¼ proven to be successful, giving agreement to light quark meson data at better than the 20% level. In many ways this good agreement with experiment is surprising since these models become strongly coupled conformal theories in the ultra-violet rather than asymptotically free. Encouraged by the success of those models though let us compare our dilaton flow model, that
incorporates chiral symmetry breaking, to the bottom quark sector of the QCD spectrum. The D7 brane generating the bottom quark will lie in the AdS-like regime of our model. In QCD the dynamics should be perturbative at this energy scale but this clearly can not be achieved in a gravity dual. We hope that AdS is the next best scenario since the quarks lie in the conformal gauge background of the supersymmetric theory where strong non-renormalization theorems apply, in some way mimicking a perturbative regime. We use the vector meson masses to fix our parameters since the ρ mass is less sensitive to the light quark mass than the π mass. In fact we take the light quark mass to be zero. This determines the embedding of the inner brane. The holographic description of the vector mesons is provided by the wave equation (29) . We identify the lowest vector meson mass for the inner D7 brane with the ρ mass, M ρ = 770 MeV, whereas the vector meson mass for the outer D7 brane is associated with the Υ mass, M Υ = 9.4 GeV. 3 We find that the ρ mass is given by 2.05Λ b where Λ b = 2πα ′ b is the energy scale associated with the conformal symmetry breaking parameter b. Next we include a heavy quark and determine the heavy qark mass m h in the large ρ solution for the outer D7 brane embedding (25) by requiring that we reproduce the physical upsilon over rho mass ratio (m Υ = 25.0Λ b ). We find m h = 8.84Λ b .
With these parameters fixed we can now read off the prediction for the heavy-light meson masses from Fig. 5 . We see that the predicted mass is 16.7Λ b . Rescaling using the ρ mass values above gives a prediction for the B meson mass of m B = 6281 MeV. This is 19% from the physical value of m B = 5279 MeV. The agreement is not perfect but the background geometry is not asymptotically free and the b-quark is not infinitely heavy, such that the degeneracy of scalar and pseudoscalar modes is not complete. Of course the outstanding challenge for these holographic approaches is to understand how to quantify such errors. Nevertheless we conclude that the approach presented remains promising.
It is interesting to note that also within QCD phenomenology, there are flux tube and QCD string models which allow to calculate the B mass from the ρ and Υ masses, for instance [72, 73] .
We expect that comparison will shed further light on the holographic approach to QCD.
